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Abstract. In this paper we consider certain local-global principles for Mordell- 
Weil type groups over number fields like 5-units, abelian varieties and algebraic 
iC-theory groups. 



1. Introduction. 

If m is a positive integer then its support, denoted by supp(m), is the set of 
prime numbers dividing m . In this paper we wiU prove 

Theorem 1.1. Letxi,...,Xt (resp. yi, ... ,yt) be muUiplicatively independent nat- 
ural numbers such that 

i=t j=t 

U supp(a;^ - 1) = y supp(y^" - 1) 
i=i j=i 

for every natural number n. Then {xi, . . . , Xt} = {yi, . . . , j/t}. 

and its analogues for Mordell-Weil type groups (see Corollary 12. 2p . Precise ax- 
iomatic setup for these groups can be found in pari] , below we just list those of 
them we consider in this paper: 

(1) Op g, 5-units groups, where is a number field and S* is a finite set of 
ideals in the ring of integers O p , 

(2) A{F), Mordell-Weil groups of abelian varieties over number fields F with 
End J? (A) = Z, 

(3) K2n+i{F), n > , odd algebraic if-theory groups. 

Theorem 11.11 generalizes the support problem^ i.e. the following question of Pal 
ErdosEI : 

Let x,y > 1 be natural numbers such that 

(1) supp(a;" - 1) = supp(?/" - 1) 

for every natural number n. Is then x — y? 

C. Corrales-Rodriganez and R. Schoof answered the question affirmatively by prov- 
ing the following theorem^ (and we will prove its generalization, see Theorem 12. ip : 



2000 Mathematics Subject Classification. 11R04; 11R70; 14K15 . 

Key words and phrases, reduction maps; abelian varieties; if-theory groups. 

Generalizations in other directions can be found in |Sch2| , IBarll and [Per] 
^Note that a more general result was obtained by A. Schinzel in [Schl) . see Theorem 2 
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Let F be a number field and let x,y G F* . If for almost all prime ideals p of 
the ring of integers of F and for all positive integers n one has 

(2) y" = l(modp) whenever a;" = l(niodp) 
then y is a power of x. 

They also proved an analogues theorem for elliptic curves and asked if it could 
be extended to abelian varieties. For special abelian varieties the problem was 
solved independently by G. Banaszak, W. Gajda and P. Krason in [BGK2| and Ch. 
Khare and D. Prasad in [KP] , The final solution of that problem was given by M. 
Larsen in [Larj : 

Let F be a number field, Op its ring of integers, and O the coordinate ring of an 
open subscheme of Spec Op- Let A be an abelian scheme over O and P,Qg A{0) 
arbitrary sections. Suppose that for all n € Z and all prime ideals p of O, we have 
the implication 

if nP = (modp) then nQ = (modp). 
Then there exist a positive integer k and an endomorphism (f) G EndQ{A) such that 
(t>iP) - kQ. 

In [BGKl] also an analogues result for K- theory groups of number fields was 
proved. 

Note that since Op/p^ is a cyclic group, the condition ^ is equivalent to the 
following: 

(3) y £ (x) (modp) 

where (x) denotes the subgroup generated by x. However in the case of abelian va- 
rieties conditions 12]) and ([3]) are not equivalent. It leads to the problem of detecting 
linear dependence by reduction maps (see section [3]), formulated by W. Gajda in 
2002 in a letter to Kenneth Ribet. The following theorem answering this question 
was proved by T. Weston in [Wej : 

Let A be an abelian variety over a number field F and assume that EndpA is 
commutative. Let K be a subgroup of A{F) and suppose that P S A{F) is such that 
P G A (modu) for almost all places v of F. Then P G A + A(F)toi-s- 

A similar result and its analogue for i^T-theory groups of number fields were proved 
independently by G. Banaszak, W. Gajda and P. Krason in jBGK3j . Further re- 
sults in abelian varieties case were obtained by W. Gajda and K. Gornisiewicz in 
[GG| and recently G. Banaszak proved the following theorem in [Ban]: 

Let Pi, . . . , Pr be elements of A{F) linearly independent over R = EndF(^). Let P 
be a point of A{F) such that RP is a free R- module. The following conditions are 
equivalent: 

(1) p^Y^Um 

(2) P E J^i^i ^Pi (mod v) for almost all primes v of Op. 
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In Theorem 13.11 we generalize the problem of detecting linear dependence by re- 
duction maps for Mordell-Weil type groups listed above analogously as we did it 
with the support problem in Theorem 12. II 

Notation. 

B{F) a Mordell-Weil type group over a number field F 
Ators the torsion part of a subgroup A < B{F) 
ord T the order of a torsion point T € B{F) 

ord„P the order of a point P (mod v) where P S B{F) and d is a prime of F 
(a prime of good reduction in abelian variety case and a prime not in S 
in ^-units case) 

I*' \\ n means \ n and l^'^^ \ n where I is a prime number, k a nonnegative 
integer and n a natural number. 

In the proofs we will use several times the following result which is a refinement 
of Theorem 3.1 of |BGK3j : 

Lemma 1.2 f jBarl] . Theorem 5.1). Let I he a •prime number, {ki, . . . , km) a se- 
quence of nonnegative integers. IfPi,...,Pm £ B{F) are linearly independent 
points, then there is a family of primes v in F such that l'^' \\ ord„Pi if ki > and 
l^ordyPi if ki = 0. 

2. The support problem. 

Fix one of the Mordell-Weil type group listed in the Introduction. In the following 
theorem all points belong to the fixed group and "linearly independent" (resp. 
" nontorsion" ) means linearly independent (resp. nontorsion) over Z. 

Theorem 2.1. Let Qi, . . . , Qt be linearly independent points and P be a nontorsion 
point. Suppose that for almost all primes v of Op and all natural numbers n the 
following condition holds : 

(4) if nP = (mod v) then nQi^ ~ (mod v) for some i^, € {1, . . . , t} . 
Then Qi = dP for some i € {1, . . . ,t} and some integer d. 

Proof. Step. 1. Suppose that points P, Qi, . . . , Qt are linearly independent. Fix 
arbitrary prime number I. By Lemma 11.21 there are infinitely many primes v such 
that I \ ord„P and I \ oidyQi for all i. Set n = ord^P. Then nP = (mod v) 
but nQi ^ (mod v) for alH S {1, . . . , t}. Hence we get a contradiction by ^ so 
P,Qi, . . . ,Qt are linearly dependent. 

Step. 2. Now suppose that there exist a nonzero integer a and nonzero in- 
tegers Pi,. . . ,(3k,f3k+i for some fc > 1 such that aP — PiQi -I- . . . + PkQk + 
Pk+iQk+i ■ Fix arbitrary prime number I coprime to a, (3i, . . . , Pk, Pk+i- Since 
PiQi, PkQk, P1Q1 + ... + PkQk + Pk+iQk+i,Qk+2, . . . , Qt are linearly indepen- 
dent then by Lemma 11.21 there are infinitely many primes v such that 

I II ordyP^Qi for z e {1, . . . , fc - 1} U {fc + 2, . . . , t}, 

P II 0Tdy/3kQk, 

I \ ord„/3iQi + . . . + PkQk + Pk+iQk+i- 
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n = lcm(jord„/3i(5i, . . . , jord„/3fe_i(5fc_i, ^ovA^fikQk.orA^PiQi + ... + PkQk + 
Pk+lQk + l, jOTdyQk + 2, ■ ■ ■ , jOidyQt). 

Then n(/3iQi + . . . + f3kQk + l3k+iQk+i) = (mod v) but n{f3iQi + ... + f3kQk) + 

(mod v) hence n(3k+iQk+i 7^ (mod v) but I'^nfik+iQk+i = (mod so Z | 
ordyPk+iQk+i. Thus anP — (mod v) and by ([4]) anQi = (mod 1;) for some i 
so ? I a . We get a contradiction so A: = 0. 

Step. 3. By the previous step aP = [3Qi for some i and nonzero integers a,/3. 
Now let II (3 for some prime number I and positive integer k. By Lemma 11.21 
there are infinitely many primes v such that \\ ord^Qj for j G {1, . . . ,t]. So 
OTidyQi = ?*^TO for some integer m coprime to I and maP — mjdQi = (mod w) . 
Hence by ([4]) maQj = (mod w) for some j. Thus ^'^ | a. Since I was arbitrary we 
get f} I a, i.e. d(3P — PQi for some nonzero integer d. 

Step. 4. Now we repeat an argument from the proof of Theorem 3.12 of |BGK3j : 
Since (3{dP — Qj) = then dP — Qi = T is a torsion point. Suppose that T 7^ 
and I I ord T for some prime number /. Again by Lemma 11.21 there are infinitely 
many primes v such that I \ ordi,P, / | ord^Qj for j 7^ «• Thus by (j4]) we get 

1 \ ord^Qj. Hence by definition of T we have I \ ord^T. But for almost all primes v 
ord T = ordijT by Lemma 3.11 of |BGK3j . By a contradiction we get T = 0. □ 

Corollary 2.2. Let Pi, . . . , Pt (resp. Qi, . . . ,Qt) be linearly independent points 
such that for almost all primes v of Op and all natural numbers n 

(5) nPi — (mod v) for some i -i^ nQj — (mod v) for some j. 

Then there exist Si,. . . ,St G {—1, 1} such that {Pi, . . . , Pt} — {SiQi, . . . ,StQt}. 

Proof. Applying Theorem l2.1l 2<-times and using assumption of linear independence 
we get that for every point Pi there is a unique point Qj such that Qi — kPj and 
Pj = IQi for some nonzero integers k,l. Hence Pj = IkPj so Ik = 1. Thus 
Z,fcG{-l,l}. □ 

Proof of Theorem \l.l\ The statement comes immediately from Corollary [221 since 
\i X — y^^ and x, y G N then x = y = 1. □ 



3. Detecting linear dependence by reduction maps. 

Let B{F) denote one of the Mordell-Weil type group listed in the Introduction. 

Theorem 3.1. Let A be a subgroup of B{F) and suppose that Pi, . . . , P„ G B{F) 
are linearly independent points such that for almost all primes v 

(6) Pi^ G A (mod v) for some iy G {1, . . . ,n} . 

Then aPi G A for some i G {1, . . . ,n} and a G Z \ {0}. 

Proof. Step. 1. Let Li, . . . , Ls be a basis for the nontorsion part of A. Suppose 
that Pi, ... , P„, Li, . . . , Ls are linearly independent. Choose prime number I such 
that I does not divide the exponent of the group Ators ■ By Lemma 11.21 there are 
infinitely many primes v such that 

I I ord^jP; for i G {1, . . . , n}, 
I \ oidyLj for j E {1, . . . , s}. 
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and by Lemma 3.11 of |BGK3j for almost all primes v we have ord^T — ord T 
for T G Ators- Hence we get a contradiction with ^ and aiPi + . . . + anPn = 
XiLi + . . . + XgLs with Q!i, . . . , an, Ai, . . . , As G Z where not all a; and not all A^ 
are equal to 0. 

Step. 2. Suppose that the assertion of the theorem does not hold. Let us for sim- 
plicity of notation reorder the points Pi, . . . , P„ so that {Li, . . . , Lg, Pi, . . . , Pk} is a 
maximal subset of the set {Li, . . . , Ls, Pi, . . . , Pn} consisting of linearly independent 
points. Then for every P^ where w G {fc + 1, . . . , ti} there are tt^, ai^w, ■ ■ ■ , C(k,w, Ai,^, . . . , As,™ G 
Z such that 

(7) TTwPw = "l.tuPl + . . . + OCk^wPk + Ai,.u,ii + . . . + Xs,wLs 

with TTu, ^ and ai^w / 0, Xj^w 7^ for some Choose prime number I coprime 
to all nonzero 7r„, ai^w, ■ ■ ■ , ctk.w, Ai,^, . . . , As, to for all w and to the exponent of the 
group B(F) tors- By Lemma 11.21 there are infinitely many primes v such that 

P+i II ord„P^ for ie{l,...,k}, 
I II ord„Lj for j G {1, . . . , s}. 

Let iu, be the greatest number such that ai^_w ^ 0. Put 

n = lcm(^ordt,Pi, . . . , -j^ord^Pfc^i, -p^oid^Pk, jord„Li, . . . , ^ord^Ls). 

Now we get by ([7]) that nl^'^ai^Pi^ — nP™7ru,Pu,. Since nr^"ai^Pi^ ^ 0, we get 
nr""KwPw ^ 0. Since nr^^^ai^Pi^ ~ 0, we have nl^"'~^^'7rwPw — 0. Hence || 
ord^jPiu. By ^ we get a contradiction with orders of points Pi, . . . , Pk, Pk+i, Li, . . . , Ls- 
So fc = 0. □ 
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